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Abstract
Recently it was shown that the Fibonacci numbers can be expressed in terms of
multinomial coeﬃcients as sums over integer partitions into odd parts. In this paper,
we introduce a similar representation for the Padovan numbers. As a corollary, we
derive an inﬁnite family of double inequalities.
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1 Introduction
Integer sequences appear often in many branches of science. One famous example is the
Fibonacci numbers that have been known for more than two thousand years and ﬁnd
applications in mathematics, biology, economics, computer science, physics, engineering,
architecture, and so forth [, ]. See also all volumes in the same conference series as [].
Recall [] that the sequence {Fn}n≥ of Fibonacci numbers is deﬁned by the recurrence
relation
Fn – Fn– – Fn– = , ()
with seed values
F =  and F = .
Padovan numbers [] aremuch younger. They are named after themathematician Richard
Padovan who attributed their discovery to Dutch architect Dom Hans van der Laan in
his  essay Dom Hans van der Laan: Modern Primitive. The Padovan sequence is the
sequence of integers Pn deﬁned by the initial values
P = , P = , P = ,
and the recurrence relation
Pn – Pn– – Pn– = . ()
© 2015 Ballantine and Merca. This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.
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The ﬁrst few terms of the sequence deﬁned by this recurrence relation are:
, , , , , , , , , , , , , , , , , , , , . . . (sequence A in []).
Other sources may start the Padovan sequence at a diﬀerent place. See for example Stew-
art’s paper [], where this sequence starts with P = P = P = .









 = . · · · .
As with the Fibonacci sequence, the ratio of successive Padovan numbers has a limiting






















 = . · · · ,
which is the unique real solution of the cubic equation
x – x –  = .
A partition of a positive integer n is a non-increasing sequence of positive integerswhose
sum is n. The terms of the sequence are called the parts of the partition.
Recently, Merca [], Corollary , proved that the Fibonacci numbers can be expressed




(t + t + · · · + tn/
t, t, . . . , tn/
)
, n > , ()
where ak = k –  and x stands for the smallest integer not less than x. Because ρ is
smaller than ϕ, the Padovan sequence increasesmuch slower than the Fibonacci sequence.
Nevertheless, the nth Padovan number can be expressed in a similar way as a sumofmulti-
nomial coeﬃcients over integer partitions of n into odd parts. The diﬀerence is given by
the fact that these partitions have no part equal to .




(t + t + · · · + tn/
t, t, . . . , tn/
)
,
where ak = k – .
Proof From () it follows easily that
Pn – Pn– – Pn– – Pn– – · · · = δ,n,
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where δi,j is the Kronecker delta. Then the statement of the theorem follows directly from
[], Theorem . 
By Theorem  it is clear that the number of integer partitions of n into odd parts greater
than  is less than or equal to the nth Padovan number, for any positive integer n. As
seen in [, ], this inequality can be improved by exploring the number of multinomial
coeﬃcients over integer partitions into odd parts greater than . As a consequence of these
facts, a family of double inequalities will be introduced in the paper.
We note that the inequalities proved in this article are, in fact, analytic statements. How-
ever, to our knowledge, there are no analytic proofs for these types of results.
2 On themultinomial coefﬁcients over the partitions into odd parts greater
than 1
In [], Qk(n) denotes the number of multinomial coeﬃcients satisfying
(t + t + · · · + tn/






(k – )tk = n.
In this section, we denote by Q′k(n) the number of multinomial coeﬃcients such that
(t + t + · · · + tn/






(k – )tk = n.








kQ′k(n) = Pn. ()
We use the convention that q′() =  and q′(n) =  for any negative integer n.
Similar to [], Theorem , we obtain the following.
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Next, we relate Qk(n) and Q′k(n) in order to derive the generating function for Q′k(n) if
k =  or a prime power.
Proposition  If k is a prime power greater than  and Qk(n) >  then




mod · δ,(n–) mod(k–), ()
where 
x stands for the greatest integer less than or equal to x.
Proof LetMk(n) denote the number of multinomial coeﬃcients satisfying
(k + k + · · · + kn
k,k, . . . ,kn
)
= k and k + k + · · · + nkn = n.





x + y = n ()
satisfying x = y.
By the same argument, Qpr (n) equals to the number of positive integer solutions (x, y)
of () with x, y odd and x = y. Moreover, Q′pr (n) equals to the number of positive integer
solutions (x, y) of () with x, y odd, x, y > , and x = y.
Note that if Qpr (n) > , then (, y) with y odd is a solution to (). In addition, (x, ) with x
odd is a solution to () if and only if pr –  divides n – . Thus, () follows. 
Considering relation () and the closed form of the generating functions for Q(n) and































( – x)( – x) . ()
On the other hand, by [], Theorem , it is not diﬃcult to derive the following.
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( – x)( – x(k–)) –
xk
 – xk –
xk+
 – x –
xk–
 – x(k–) .
3 A family of double inequalities
In this section, we denote by an the nth positive integer that is not a power of , i.e.,
{an}n≥ = {, , , , , , , , , , , , , , , , , . . .}.
According to [], A, we have
an =
⌊
n +  + log
⌊
n +  + log(n + )
⌋⌋
.




















 – x – x ,
and




where Gj(x) is the generating function for Q′j(n).









, |x| < . ()
On the other hand, for |x| < /ρ it is well known [], A, that the generating function





 – x – x .









 – xn .
Equation () implies that the inequality is strict. 
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In fact, Theorem  and relation (), imply that the sequence {Bk(x)}k> is strictly mono-
tonically decreasing for  < x < /ρ . A few special cases of Theorem can easily be derived.






<  +  ·
x











<  +  ·
x






 – xn ()
<  – x

 – x – x ,  < x < /ρ. ()
In the cases k ∈ {, , } the inequalities are more involved. It is still an open problem
to give the expression of the generating function for Q′k(n) when k is a positive integer




















n – n ()
<  +  = . · · · . ()












A(x) = , A(x) =  +
x
( – x)( – x) ,
and, for k ≥ ,
Ak(x) = Ak–(x) +
xpk
( – x)( – x(pk–)) –
xpk
 – xpk –
xpk+
 – x –
xpk–
 – x(pk–) ,
where pk is the kth positive integer that is a prime power.
Proof By (), we have the inequality
k∑
j=
Q′pj (n)≤ q′(n), n > .
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For  < x < , from (), (), and (), we can write
 + x















where Gj(x) is the generating function for Q′pj (n). The proof follows easily considering
Theorem . 






>  + x










 – xn ,  < x < .















n – n .
For  < x < , we remark that the sequence {Ak(x)}k> is strictly monotonically increas-
ing. In addition, Theorems  and  can be written as follows.

















 – xn .
The case k = k =  and x = / of this theorem reads
















n – n .
The following inequality follows directly from Theorem .




 – xn < k
(
 + Bk(x) –Ak(x)
)
.
Many special cases of this corollary can easily be derived. For instance, considering the






n – n <

 .
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Another family of upper bounds for
∑∞
n= xn/( – xn) can easily be derived by () if we
use Theorem .








 – x – x , C(x) = C(x) –
x
( – x)( – x) ,
and
Ck(x) = Ck–(x) –
pkxpk
( – x)( – x(pk–)) +
pkxpk
 – xpk +
pkxpk+
 – x +
pkxpk–
 – x(pk–) ,
where pk is the kth positive integer that is a prime power.
Proof According to (), we have the inequality
pk∑
j=
pjQ′pj (n)≤ Pn, n > .
Using equations () and (), the generating function of the Padovan sequence, and Theo-
rem , we arrive at our conclusion. 
The sequence {Ck(x)}k> is strictly monotonically decreasing when  < x < /ρ . For k ∈
{, , , , }, we note the identity
Ck(x) = k
(
 + Bk(x) –Ak(x)
)
,  < x < /ρ.
4 Other inequalities






Pn–k–j = Pn, ()
where n, k are a non-negative integers such that n ≥ k. Then, Theorem  (with k = )






q′(n – k – j)≤ Pn. ()
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The next theorem introduces an inﬁnite family of upper bounds for the generating func-
tion of the number of partitions into odd parts greater than .






<  – x














q′(n – k – j).



































, |x| < .























and the statement of the theorem follows. 
It can easily be checked that, for k < , the inequality in Theorem  reduces to the in-






<  + x + x
 + x + x + x
( + x)( – x – x)
– x
 + x + x + x + x
( + x)( – x – x) .
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< ,,,, = . · · · ,
which is an improvement to the inequality (). In addition, we remark that a lower bound






= . · · · .
Theorem  gives a decreasing sequence of upper bounds for the generating function of
the number of partitions into odd parts greater than . To see this, let
Rk(x) =
 – x






Then, for x > , the inequality Rk+(x) – Rk(x)≤  is equivalent to
 – x + x( + x)
k–∑
n=
(Pn – Sn,k)xn –
k+∑
n=
(Pn – Sn,k+)xn ≤ .
That {Rk(x)}k≥ is decreasing follows from the identity
Sn+,k+ = Sn+,k + Sn,k ()
and the inequality (). The identity () is easily deduced from the deﬁnition of Sn,k .
As in [], Theorem , we have the following.












<  – x




















Q′(n – k – j),
with Q′(n) =  for any non-positive n.
Proof Considering the identity () and the case k =  of Theorem ,
q′(n) –Q′(n)≤ P(n), n > ,
the proof is similar to the proof of Theorem . 
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It is not diﬃcult to check that, for k < , Theorem  reduces to inequality (). If k = 












<  + x + x
 + x + x + x + x
( + x)( – x – x)
– x
 + ,x + ,x + x + x + x + x
( + x)( – x – x) .












n – n .
This is an improved version of the inequality ().
One can similarly consider the cases k = ,,  in Theorem  to obtain stronger butmore
complicated inequalities involving the generating function for the number of partitions
into odd parts greater than  and the generating function for the number of odd divisors
greater than .
5 Results and discussion
According to Theorem , the nth Padovan number can be expressed as a sum of multi-
nomial coeﬃcients over integer partitions of n into odd parts greater than . This result
allows us to derive a family of inequalities (see Theorem ) that involve the Padovan num-
ber Pn and the number of partitions of n into odd parts greater than , where the trivial
inequality
q′(n)≤ Pn
is the ﬁrst entry. The second entry provides a better inequality
q′(n)≤ 
(
Pn + τo(n) – 
)
,














 – xn , |x| < .
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( – x)( – xk) , |x| < , ()

























, n > .
We now use Theorem  to derive a simple expression for Q′k(n) when k is a prime power
greater than .




⌊n + k – 
k – 
⌋
– δ,(n–k) modk – δ,(n–k) mod,
where δi,j is the Kronecker delta.










( – x)( – x(k–)) , |x| < .
On the other hand, since

 – xk =
∞∑
n=
xkn, |x| < ,
we derive
xk
 – xk =
∞∑
n=k
δ,(n–k) modk · xn, |x| < ,
xk+
 – x =
∞∑
n=k+
δ,(n–k) mod · xn, |x| < ,
and
xk–
 – x(k–) =
∞∑
n=k–





 · δ,(n–k+) mod(k–) · x
n























⌊n + k – 
k – 
⌋)
xn, |x| < ,










The proof follows easily from Theorem . 







– δ,(n–) mod – δ,(n–) mod, n≥ .













–  – (–)
n
 – δ,(n–) mod, n≥ .
It is still an open problem to give a formula for Q′k(n) when k is not a prime power.
6 Concluding remarks
A representation for the Padovan number Pn as sum of multinomial coeﬃcients over in-
teger partitions of n into odd parts greater than , has been introduced in this paper. For

















We remark that this inﬁnite sum can be replaced by a series which convergesmuch faster
for |x| < .








( – xn)( – xn+) · x
n+n.













qn , |q| < .
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( – xn)( – xn+) · x
n+n.
This concludes the proof. 
Finally, we note that when the problem of ﬁnding a closed form for the generating func-
tion of Q′k(n) for arbitrary k will be solved, then further, stronger inequality families will
follow by the methods used in this article.
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